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We develop general tools to construct fully-discrete, conservative numerical meth-
ods and apply them to several nonlinear dispersive wave equations: Benjamin-Bona-
Mahony (BBM), Fornberg-Whitham, Camassa-Holm, Degasperis-Procesi, Holm-Hone,
and the BBM-BBM system. These full discretizations conserve all linear invariants and
one nonlinear invariant for each system. The spatial semidiscretizations are built using
the unifying framework of summation by parts operators and include finite difference,
spectral collocation, and both discontinuous and continuous finite element methods.
Classical time integration schemes such as Runge-Kutta methods and linear multistep
methods are applied and the recent relaxation technique is used to enforce temporal
conservation.
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1 Introduction
In this work we study and develop numerical discretizations for nonlinear dispersive wave equa-
tions. One of themost important features of such equations is the existence of nonlinear invariants.
In addition to the total mass, many dispersive wave models possess other invariants that may rep-
resent the energy or another important physical quantity. Perhaps the most interesting feature
of these systems, related to the presence of conserved quantities, is the existence of solitary wave
solutions. For non-integrable systems, numerical methods are an essential tool for studying soli-
tary waves; even for integrable systems, numerical methods are very useful for exploring solution
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behavior [4]. Both analysis and numerical experiments have demonstrated that such studies are
best undertaken using numerical methods that exactly preserve the invariants of the system in
question [7, 29]. Specifically, conservative methods possess discrete solitary wave solutions that
accurately approximate the true solitary waves, with an amplitude that is constant in time and
a phase error that grows linearly in time [26]. In contrast, non-conservative methods typically
yield discrete solutions with amplitude errors that grow linearly in time and (therefore) phase
errors that grow quadratically in time. Conservative methods are thus especially desirable for
conducting studies of solitary wave properties such as speed-amplitude relationships and solitary
wave interactions [29], and for long-time simulations. At the same time, discrete conservation
properties can be useful for proving numerical stability.
Significant work has been devoted to the development of conservative methods for certain non-
linear dispersive wave equations [16, 29, 30, 84, 85, 99, 100]. Nevertheless, and despite their
known advantages, conservative fully-discrete schemes are not widely available for many im-
portant dispersive nonlinear wave equations, and most methods being proposed and used are
non-conservative; see e.g. [4, 14, 31, 32, 68, 91]. Indeed, the development of accurate and stable
schemes (even without nonlinear invariant conservation) is a challenging task and often requires
the application of implicit time discretizations [13, 32, 98].
Usually, proving the conservation of invariants of dispersive partial differential equations (PDEs)
at the continuous level requires application of the product/chain rule and integration by parts. To
mimic this procedure at the semidiscrete level (discrete in space, continuous in time), summationby
parts (SBP) operators are used, which provide a discrete analogue of integration by parts. A review
of the relevant theory can be found in [24, 34, 87]. Nowadays, many different schemes have been
formulated in the SBP framework, e.g. finite difference [86], finite volume [65, 66], discontinuous
Galerkin [38], and flux reconstruction methods [80]. At internal interfaces or external boundaries,
SBP methods can be combined with a weak imposition of interface/boundary conditions using
so-called simultaneous approximation terms (SATs) to bound the energy of the semidiscretization
[19, 20].
Since the chain and product rules cannot hold discretely for many high-order discretizations
[74], split forms that preserve local conservation laws are used; cf. [36]. These are related to
entropy-conservative methods in the sense of Tadmor [35, 53, 71, 88]. Although the idea to use
split forms is not exactly new [82, eq. (6.40)], it is still state of the art and enables the construction of
numerical methods with desirable properties [39]. Conservative discretizations based on classical
finite element methods require the exact integration of nonlinear terms, which can become very
costly or even impossible for non-polynomial nonlinearities. Conservative methods based on split
forms do not require exact integration, so they can both be cheaper and result in better stability
properties [93].
All of the previously existing conservative numerical methods such as [43, 55, 56, 94, 100] are
constructed using ad hoc techniques tailored specifically to both the equation and the numerical
method. Typically, the ideas used to construct one such scheme cannot immediately be adapted to
another equation or type of discretization. In contrast, we propose a unifying spatial discretization
framework based on SBP operators. We first establish general technical results and then apply
these to concrete physicalmodels, obtaining a set of necessary algebraic conditions for conservative
semidiscretizations. These conditions can be satisfied by numerical schemes fromany of the classes
included in the unifying SBP framework.
To transfer the semidiscrete conservation results to fully-discrete schemes, the recent relaxation
approach is used [46, 75–77, 81]. First ideas for such techniques date back to [84, 85] and [28, pp.
265–266] but have been developed widely just recently.
The numerical methods developed and studied in this article are implemented in Julia [11],
using the time integration schemes of DifferentialEquations.jl [70] and Matplotlib for the plots
[44]. The source code for all numerical methods and the experiments is available online [78].
This article is structured as follows. Firstly, the concept of SBP operators is recalled in Section 2
and some technical results are provided thatwill be applied later to prove the discrete conservation
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properties. Afterwards, the relaxation approach in time is briefly summarized in Section 3. Having
established the framework of numerical methods, we concentrate on the Benjamin-Bona-Mahony
(Section 4.1), Fornberg-Whitham (Section 4.2), Camassa-Holm (Section 4.3), Degasperis-Procesi
(Section 4.4), andHolm-Hone (Section 4.5) equations as well as the BBM-BBM system (Section 4.6).
For each dispersive wave model, conservative numerical methods are constructed and tested in
some numerical experiments. Finally, we summarize the development and provide an outlook on
future research in Section 5.
2 Summation by parts operators
In this section, periodic and non-periodic SBP operators are introduced at first in a general way.
Afterwards, several examples of classical schemes are rephrased as SBP schemes. While there
are generalizations of SBP methods [22, 23, 73, 79, 80], we concentrate here on nodal collocation
schemeswhere the boundarypoints are included. Thus, an interval [xmin , xmax] is discretizedusing
a grid1 x  (x1 , . . . , xN)T , where xmin  x1 ≤ x2 ≤ · · · ≤ xN  xmax. A function u : [xmin , xmax] → R
is represented discretely on the grid x by its nodal values u  (u1 , . . . , uN)T , where u i  u(x i).
Multiplication of discrete grid functions u , v is performed pointwise, i.e. (uv)i  u iv i .
2.1 First-derivative operators
The idea of summation by parts operators is to mimic integration by parts. Hence, compatible
derivative and integration/quadrature operators are necessary [51, 86].
Definition 2.1. Given a grid x , a p-th order accurate i-th derivative matrix Di is a matrix that satisfies
∀k ∈ {0, . . . , p} : Dix k  k(k − 1) . . . (k − i + 1)x k−i , (2.1)
with the convention x0  1 and 0x k  0. We say Di is consistent if p ≥ 0. /
We will make frequent use of the vectors
e L  (1, 0, . . . , 0)T , eR  (0, . . . , 0, 1)T , (2.2)
in order to evaluate grid functions at the left or right endpoint, respectively.
Definition 2.2. A first-derivative SBP operator consists of a grid x , a consistent first-derivative matrix
D1, and a symmetric and positive-definite matrix M, such that
MD1 + D
T
1 M  eRe
T
R − e LeTL . (2.3)
We refer to M as a mass matrix or norm matrix2. /
First-derivative SBP operators mimic integration by parts via
uTMD1v + u
TDT1 Mv︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︷︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︸  uTeReTRv − uTe LeTLv ,︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸
≈ ≈︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷∫ xmax
xmin
u (∂xv) +
∫ xmax
xmin
(∂xu) v 
︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷
u(xmax)v(xmax) − u(xmin)v(xmin) .
(2.4)
Of course, integration by parts requires some smoothness at the continuous level, e.g. absolute
continuity of u , v. Such minimal smoothness assumptions are often used for formal a priori
1Here we include the possibility of repeated nodes in order to accommodate DG meshes in the most natural form.
2The termmass matrix is common for finite element methods. In the finite difference SBP community, the name norm
matrix is more common.
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estimate. The purpose of SBP operators is to enable such a priori estimates also at the discrete
level.
In the case of periodic boundary conditions (under which xmin and xmax are identical), the
evaluations at the endpoints of the domain cancel. Hence, a periodic SBP operator can be defined
as follows.
Definition 2.3. A periodic first-derivative SBP operator consists of a grid x , a consistent first-derivative
matrix D1, and a symmetric and positive-definite matrix M such that
MD1 + D
T
1 M  0. (2.5)
/
We will often refer to an operator Di as a (periodic) SBP operator if the other operators (such
as the mass matrix M) are clear from the context. We always assume derivative operators are
consistent, but we will usually omit this term.
In periodic domains, first-derivative SBP operators are associated with skew-symmetric differ-
entiation matrices. Hence, they are usually energy-conservative for linear hyperbolic problems.
To allow for energy-dissipative SBP methods, upwind operators can be used, cf. [58, 62].
Definition 2.4. A first-derivative upwind SBP operator consists of a grid x , consistent first-derivative
matrices D1,±, and a symmetric and positive-definite matrix M, such that
MD1,+ + D
T
1,−M  eRe
T
R − e LeTL , 12M(D1,+ − D1,−) is negative semidefinite. (2.6)
/
In matrix form, D1,+ is biased toward the upper-triangular part (i.e. it has more nonzero entries
in the upper part than in the lower) andD1,− is biased toward the lower-triangular part. The notion
of upwind SBP operators can of course be extended to periodic domains.
Definition 2.5. A periodic first-derivative upwind SBP operator consists of a grid x , consistent first-
derivative matrices D1,±, and a symmetric and positive-definite matrix M, such that
MD1,+ + D
T
1,−M  0,
1
2M(D1,+ − D1,−) is negative semidefinite. (2.7)
/
Remark 2.6. If D1,± are upwind SBP operators in a bounded or periodic domain, then D1 
1
2 (D1,+ + D1,−) is a (central) SBP operator. Furthermore, we can trivially obtain an upwind SBP
operator from any (central) SBP operator D1 by taking D1,+  D1  D1,−. Though we term
it upwind, this latter operator is of course non-dissipative. In general, upwind SBP operators
introduce dissipation if D1,+ , D1,−. /
2.2 Second-derivative operators
Similarly to first-derivative SBP operators, second-derivative operators can be defined by mimick-
ing integration by parts at the discrete level [61, 63].
Definition 2.7. A second-derivative SBP operator consists of a grid x , a consistent second-derivative
matrix D2, a symmetric and positive-definite matrix M, and derivative vectors dL, dR approximat-
ing the evaluation of the first derivative at the left/right endpoint as dTL/Ru ≈ u′(xmin/max), such
that
MD2  −A2 + eRdTR − e LdTL , A2 is symmetric and positive semidefinite. (2.8)
First- and second-derivative SBP operators D1 ,D2 are said to be compatible if they are based on the
same mass matrix M and −A2 ≤ −DT1 MD1 (in the sense of the induced quadratic forms). /
Remark 2.8. If SBP operators for different derivatives are applied in the same context, it will be
assumed that they have the same mass matrix M. /
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Second-derivative SBP operators mimic integration by parts via
uTMD2v︸¨¨ ¨¨ ¨︷︷¨¨ ¨¨ ¨︸  −uTA2v︸¨¨ ¨︷︷¨¨ ¨︸ + uTeRdTRv − uTe LdTLv ,︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︷︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︸
≈ ≈ ≈︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷∫ xmax
xmin
u (∂2xv)  −
∫ xmax
xmin
(∂xu)(∂xv) +
︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︸︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︷
u(xmax)∂xv(xmax) − u(xmin)∂xv(xmin) .
(2.9)
In periodic domains, the boundary terms vanish again, resulting in the following
Definition 2.9. A periodic second-derivative SBP operator consists of a grid x , a consistent second-
derivative matrix D2, and a symmetric and positive-definite matrix M such that
MD2  −A2 , A2 is symmetric and positive semidefinite. (2.10)
/
One way to obtain a second-derivative SBP operator is to square a first-derivative operator:
D2  D
2
1 . In the context of finite difference methods, the resulting operator is known as a wide-
stencil operator. Compatibility of first- and second-derivative operators means that for any other
choice of D2 we have −uTA2u ≤ uTDT1 MD1u , i.e. the wide-stencil operator is the least dissipative
(for the heat equation) of all compatible operators. In periodic domains with an even number of
nodes, the highest frequency of grid oscillations is mapped to zero by such wide-stencil operators.
To be able to damp such grid oscillations, it is preferable to use narrow-stencil operators [61]. For
first-derivative upwind SBP operators D1,±, both D1,+D1,− and D1,−D1,+ are second-derivative SBP
operators.
2.3 Fourth-derivative operators
Finally, fourth-derivative SBP operators can be defined as follows [57].
Definition 2.10. A fourth-derivative SBP operator consists of a grid x , a consistent fourth-derivative
matrix D4, a symmetric and positive-definite matrix M, and derivative vectors d
T
L,i , d
T
R,i approxi-
mating the evaluation of the ith derivative at the left/right endpoint, such that
MD2  A4 + eRd
T
R,3 − e LdTL,3 − dR,1dTR,2 + dL,1dTL,2 , A4 is symmetric and positive semidefinite.
(2.11)
/
Fourth-derivative SBP operators mimic integration by parts via
uTMD4v︸¨¨ ¨¨ ¨︷︷¨¨ ¨¨ ¨︸  uTA4v︸¨︷︷¨︸ + uT(eRdTR,3 − e LdTL,3 − dR,1dTR,2 + dL,1dTL,2)v ,︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸
≈ ≈ ≈︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷∫ xmax
xmin
u (∂4xv) 
∫ xmax
xmin
(∂2xu)(∂2xv) +
︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︸︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︷(
u(∂3xv) − (∂xu)(∂2xv)
) xmax
xmin
.
(2.12)
In periodic domains, the boundary terms vanish again, resulting in the following
Definition 2.11. A periodic fourth-derivative SBP operator consists of a grid x , a consistent fourth-
derivative matrix D4, and a symmetric and positive-definite matrix M such that
MD2  A4 , A4 is symmetric and positive semidefinite. (2.13)
/
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2.4 Finite difference and collocation methods
Classical central finite difference methods result in periodic SBP operators with mass matrix
M  ∆x I, (2.14)
where ∆x  (xmax − xmin)/N is the grid spacing. Similarly, Fourier collocation methods [37, 50]
and wavelet collocation methods [45] yield periodic SBP operators with the same mass matrix as
central finite difference methods.
The first high-order finite difference SBP operators on bounded domains were proposed in [86]
and later developed in several articles, e.g. [61]. Usually, these operators are associated with a
uniform grid although some optimized versions employ adapted grid nodes near the boundaries
[60].
Another class of SBP methods with diagonal mass matrix are spectral methods using nodal
Lobatto-Legendre bases for polynomials of degree p [18, 38]. These schemes result in SBP operators
with a diagonalmassmatrixM  diag(ω0 , . . . , ωp), whereωi are the Lobatto-Legendre quadrature
weights. The associated grid x is given by the Lobatto-Legendre quadrature nodes.
In periodic domains, finite difference schemes are usually applied globally. If multi-block
finite difference or spectral collocation methods shall be used, they have to be constructed using
(non-periodic) SBP operators on each element. Then, the elements have to be coupled either
in a discontinuous way using SATs as described in Section 2.5 or continuously as described in
Section 2.6.
2.5 Nodal discontinuous Galerkin methods
Multiple first-derivative SBP operators on bounded domains can be coupled in a discontinuous
finite element way via SATs to construct global SBP operators, cf. [21, 23, 33]. The construction
and the corresponding proof are reproduced here for completeness and convenience of the reader.
Here and in the following, we consider only the coupling of two SBP operators on adjacent grids
x l/r , where x l  (x i ,l)Nli1 is the grid on the left- and x r  (x i ,r)
Nr
i1 is the grid on the right-hand side.
Additionally, these grids have one node location in common: xNl ,l  x1,r .
Theorem 2.12. Consider two first-derivative SBP operatorsD1,l/r on the grids x l/r with xNl ,l  x1,r . Then,
D1 
(
D1,l − 12M−1l eR,leTR,l 12M−1l eR,leTL,r
− 12M−1r e L,reTR,l D1,r + 12M−1r e L,reTL,r
)
, M 
(
Ml 0
0 Mr
)
, (2.15)
yields a first-derivative SBP operator on the joint grid x  (x1,l , . . . , xNl ,l , x1,r , . . . , xNr ,r)T with N 
Nl +Nr grid nodes. This SBP operator has the same order of accuracy as the less accurate operator of D1,l/r .
Proof. The SBP property (2.3) is satisfied since
MD1 + D
T
1 M 
(
MlD1,l + D
T
1,lMl − eR,leTR,l 0
0 MrD1,r + D
T
1,rMr + e L,re
T
L,r
)

(
−e L,leTL,l 0
0 eR,re
T
R,r
)
.
(2.16)
The order of accuracy can be checked by applying D1 to a polynomial and noting that the interface
terms vanish because of continuity of polynomials. 
Remark 2.13. The derivative operator constructed in (2.15) yields
MD1
(
u l
u r
)

©­­«
MlD1,lu l + eR,l
(
f num
(
eTR,lu l , e
T
L,ru r
) − eTR,lu l)
MrD1,ru r − e L,r
(
f num
(
eTR,lu l , e
T
L,ru r
) − eTL,ru r) ,ª®®¬ (2.17)
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where
f num(u− , u+) 
u− + u+
2 (2.18)
is the central numerical flux. This is the strong-form DG discretization on two elements using the
central numerical flux between them and ignoring the other boundaries. For nodal DG methods
on Lobatto-Legendre nodes, this strong form is equivalent to the prevalent weak form because of
the SBP property (2.3), cf. [49], which discretizes (ignoring the boundary at x1,l)
−
∫ xNl ,l
x1,l
(∂xϕl)u + ϕl(xNl ,l) f num
(
u−(xNl ,l), u+(xNr ,r)
)
(2.19)
on the left element, where ϕl is a test function. /
Remark 2.14. The nodal DGmethods used in this article are constructed by coupling multiple ele-
ments/blocks using the SBP operator with diagonal massmatrix determined by Lobatto-Legendre
quadrature [48, Chapter 1] discontinuously as described in Theorem 2.12. The resulting discretiza-
tion is the discontinuous Galerkin spectral element method [38]. For these methods, ∆x is the size
(length) of one element. /
Corollary 2.15. Coupling first-derivative SBP operators discontinuously as described in Theorem 2.12 on
a periodic domain results in a periodic first-derivative SBP operator.
The discontinuously coupled first-derivative SBP operator D1 in (2.15) can be squared to get a
second-derivative SBP operator. This corresponds to the first method of Bassi and Rebay [9], cf. [8].
In order to increase the order of accuracy for DGmethods for diffusive problems, the application of
alternating upwind fluxes has been proposed in [25], resulting in the local DG (LDG) method [96],
which is of the form D2  D1,+D1,− or D2  D1,−D1,+ with first-derivative upwind SBP operators
described in
Theorem 2.16. Consider two first-derivative upwind SBP operators D1,±,l/r on the grids x l/r with xNl ,l 
x1,r . Then,
D1,+ 
(
D1,+,l −M−1l eR,leTR,l M−1l eR,leTL,r
0 D1,+,r
)
, D1,− 
(
D1,−,l 0
−M−1r e L,reTR,l D1,−,r +M−1r e L,reTL,r
)
,
M 
(
Ml 0
0 Mr
)
,
(2.20)
yield first-derivative upwind SBP operators on the joint grid x  (x1,l , . . . , xNl ,l , x1,r , . . . , xNr ,r)T with
N  Nl + Nr nodes. These operators have the same order of accuracy as the less accurate of the given
operators.
Proof. The upwind SBP property (2.6) can be verified by applying it for each operator D1,±,l/r .
Moreover,(
u l
u r
)T
M(D1,+ − D1,−)
(
u l
u r
)
 uTl Ml(D1,+,l − D1,−,l)u l + uTr Mr(D1,+,r − D1,−,r)u r
−(eTR,lu l)2 + 2(eTR,lu l)(e L,ru r) − (e L,ru r)2 ≤ 0.
(2.21)
The order of accuracy can be checked as for Theorem 2.12. 
2.6 Nodal continuous Galerkin methods
An alternative to the discontinuous coupling ofmultiple elements is a continuous coupling of first-
derivative operators as in continuous finite element methods, cf. [40, 41]. Continuous Galerkin
methods have also been studied from the point of view of SBP operators in other articles, e.g. [1,
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2, 64]. In contrast to the discontinuous coupling which uses the interface node twice and allows a
multivalued solution there, the continuous coupling uses the interface node only once.
To describe the continuous coupling, indices of matrices will be denoted by subscripts using a
syntax similar to MATLAB and Julia [11], i.e. (Ml)1:Nl−1,1:Nl−1 denotes the upper left block of Ml
excluding the last column and row.
Theorem 2.17. Consider two first-derivative SBP operatorsD1,l/r on the grids x l/r with xNl ,l  x1,r . Then,
D1  M
−1 ©­­«
(MlD1,l)1:Nl−1,1:Nl−1 (MlD1,l)1:Nl−1,Nl 0(MlD1,l)Nl ,1:Nl−1 (MlD1,l)Nl ,Nl + (MrD1,r)1,1 (MrD1,r)1,2:Nr
0 (MrD1,r)2:Nr ,1 (MrD1,r)2:Nr ,2:Nr
ª®®¬ ,
M 
©­­«
(M−)1:Nl−1,1:Nl−1 (M−)1:Nl−1,Nl 0(M−)Nl ,1:Nl−1 (M−)Nl ,Nl +M+,1,1 (M+)1,2:Nr
0 (M+)2:Nr ,1 (M+)2:Nr ,2:Nr
ª®®¬ ,
(2.22)
yields a first-derivative SBP operator on the joint grid x  (x1,l , . . . , xNl ,l  x1,r , x2,r , . . . , xNr ,r)T with
N  Nl +Nr − 1 grid nodes. This SBP operator has the same order of accuracy as the less accurate operator
of D1,l/r .
Proof. The new mass matrix M is obviously symmetric and positive definite. Moreover,
MD1 + D
T
1 M 
©­­«
(e L,leTL,l)1:Nl−1,1:Nl−1 0 0
0 0 0
0 0 (eR,reTR,r)2:Nr ,2:Nr
ª®®¬ . (2.23)
Again, the order of accuracy can be checked by applying D1 to a polynomial. 
Remark 2.18. The derivative constructed in (2.22) yields a strong-form CG discretization on two
elements which (ignoring the other boundaries) is equivalent to the usual weak-form CG dis-
cretization
−
∫ xNr ,r
x1,l
(∂xϕ)u , (2.24)
where ϕ is a global test function, because of the SBP property (2.3). /
Remark 2.19. The nodal CGmethods used in this article are constructed by coupling multiple ele-
ments/blocks using the SBP operator with diagonal massmatrix determined by Lobatto-Legendre
quadrature [48, Chapter 1] continuously as described in Theorem 2.17. For these methods, ∆x is
the size (length) of one element. /
Example 2.20. Coupling SBP operators using nodal Lobatto-Legendre bases for polynomials of
degree p  1 continuously on a uniformmesh results in the classical finite difference SBP operator
M  ∆x
©­­­«
1/2
1
. . .
1
1/2
ª®®®¬, D1 
1
∆x
©­­­«
−1 1
−1/2 0 1/2
. . .
. . .
. . .
−1/2 0 1/2
−1 1
ª®®®¬. (2.25)
/
Corollary 2.21. Coupling first-derivative SBP operators continuously as described in Theorem 2.17 on a
periodic domain results in a periodic first-derivative SBP operator.
Similarly to (central) SBP operators, first-derivative upwind SBP operators can also be coupled
continuously.
8
Theorem 2.22. Consider two first-derivative upwind SBP operators D1,l/r,± on the grids x l/r with xNl ,l 
x1,r . Then,
D1,±  M
−1 ©­­«
(MlD1,l ,±)1:Nl−1,1:Nl−1 (MlD1,l ,±)1:Nl−1,Nl 0(MlD1,l ,±)Nl ,1:Nl−1 (MlD1,l ,±)Nl ,Nl + (MrD1,r,±)1,1 (MrD1,r,±)1,2:Nr
0 (MrD1,r,±)2:Nr ,1 (MrD1,r,±)2:Nr ,2:Nr
ª®®¬ ,
M 
©­­«
M−,1:Nl−1,1:Nl−1 M−,1:Nl−1,Nl 0
M−,Nl ,1:Nl−1 M−,Nl ,Nl +M+,1,1 M+,1,2:Nr
0 M+,2:Nr ,1 M+,2:Nr ,2:Nr
ª®®¬ ,
(2.26)
yields first-derivative upwind SBP operators on the joint grid x  (x1,l , . . . , xNl ,l  x1,r , x2,r , . . . , xNr ,r)T
with N  Nl + Nr − 1 nodes. These operators have the same order of accuracy as the less accurate given
operators.
Proof. The mass matrix M is the same as in Theorem 2.17 and hence symmetric and positive
definite. Moreover,
MD1,+ + D
T
1,−M 
©­­«
(e L,leTL,l)1:Nl−1,1:Nl−1 0 0
0 0 0
0 0 (eR,reTR,r)2:Nr ,2:Nr
ª®®¬ . (2.27)
Furthermore, M(D1,+ − D1,−) is negative semidefinite. 
Second-derivative operators can be coupled analogously.
Theorem 2.23. Consider two second-derivative SBP operators D2,l/r on the grids x l/r with xNl ,l  x1,r .
Then,
D2  M
−1 ©­­«
(−A2,l − e L,ldTL,l)1:Nl−1,1:Nl−1 (−A2,l − e L,ldTL,l)1:Nl−1,Nl 0(−A2,l)Nl ,1:Nl−1 (−A2,l)Nl ,Nl + (−A2,r)1,1 (−A2,r)1,2:Nr
0 (−A2,r + eR,rdTR,r)2:Nr ,1 (−A2,r + eR,rdTR,r)2:Nr ,2:Nr
ª®®¬ ,
M 
©­­«
M−,1:Nl−1,1:Nl−1 M−,1:Nl−1,Nl 0
M−,Nl ,1:Nl−1 M−,Nl ,Nl +M+,1,1 M+,1,2:Nr
0 M+,2:Nr ,1 M+,2:Nr ,2:Nr
ª®®¬ ,
(2.28)
yields a second-derivative SBP operator on the joint gridx  (x1,l , . . . , xNl ,l  x1,r , x2,r , . . . , xNr ,r)T with
N  Nl +Nr − 1 grid nodes. This SBP operator has the same order of accuracy as the less accurate operator
of D2,l/r .
Proof. The new mass matrix M is the same as in Theorem 2.17 and hence symmetric and positive
definite. Additionally,
MD2 
©­­«
(−A2,l)1:Nl−1,1:Nl−1 (−A2,l)1:Nl−1,Nl 0(−A2,l)Nl ,1:Nl−1 (−A2,l)Nl ,Nl + (−A2,r)1,1 (−A2,r)1,2:Nr
0 (−A2,r)2:Nr ,1 (−A2,r)2:Nr ,2:Nr
ª®®¬
+
©­­«
(−e L,ldTL,l)1:Nl−1,1:Nl−1 (−e L,ldTL,l)1:Nl−1,Nl 0
0 0 0
0 (eR,rdTR,r)2:Nr ,1 (eR,rdTR,r)2:Nr ,2:Nr
ª®®¬ ,
(2.29)
where the first matrix is negative semidefinite. This is of the required form MD2  −A2 + eRdTR −
e Ld
T
L . Again, the order of accuracy can be checked by applying D2 to a polynomial. 
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Remark 2.24. Ignoring the outer boundaries, applying the SBP property (2.7) to the continuously
coupled second-derivative operator yields a direct discretization of the weak form
−
∫ xNr ,r
x1,l
(∂xϕ)(∂xu). (2.30)
/
Corollary 2.25. Coupling second-derivative SBP operators continuously as described in Theorem 2.23 on a
periodic domain results in a periodic second-derivative SBP operator.
Example 2.26. Coupling second-derivative SBP operators using nodal Lobatto-Legendre bases for
polynomials of degree p  1 continuously on a uniform mesh results in
M  ∆x
©­­­«
1/2
1
. . .
1
1/2
ª®®®¬, D2 
1
∆x2
©­­«
0 0
1 −2 1
. . .
. . .
. . .
1 −2 1
0 0
ª®®¬, (2.31)
which is very similar to the narrow-stencil second-derivative SBP operator
M  ∆x
©­­­«
1/2
1
. . .
1
1/2
ª®®®¬, D2 
1
∆x2
©­­«
1 −2 1
1 −2 1
. . .
. . .
. . .
1 −2 1
1 −2 1
ª®®¬, (2.32)
of [61] but uses a different boundary closure. /
2.7 Some useful properties of periodic SBP operators
Here, we gather some properties of periodic SBP operators thatwill be useful to prove conservation
properties later in the article.
Lemma 2.27. Periodic first, second, and fourth-derivative operators satisfy 1TMDi  0
T . Periodic first-
derivative upwind SBP operators satisfy 1TMD1,±  0
T .
Proof. Applying the defining conditions (2.5) & (2.10) & (2.13) and consistency of the derivative
operators yields
1TMD1  −1TDT1 M  0T ,
1TMD2  1
TDT2 M  0
T ,
1TMD4  1
TDT4 M  0
T .
(2.33)
Similarly,
1TMD1,±  −1TDT1,∓M  0T . (2.34)

Lemma 2.28. IfD2 is a periodic second-derivative SBP operator withmassmatrixM, then1
TM(I−D2)−1 
1TM.
Proof. Since M(I−D2)−1 is symmetric,
1TM(I−D2)−1 
(
M(I−D2)−11
)T
 (M1)T , (2.35)
since (I−D2)1  1. 
Lemma 2.29. If D1 ,D2 are commuting periodic first- and second-derivative SBP operators with the same
mass matrix M, then M(I−D2)−1D1 is skew-symmetric.
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Proof. Since
I−D2  M−1
(
I−MD2M−1
)
M  M−1
(
I−DT2
)
M, (2.36)
we have
M(I−D2)−1D1 
(
I−DT2
)−1
MD1  −
(
I−DT2
)−1
DT1 M  −DT1
(
I−DT2
)−1
M. (2.37)

In order to use the lemmas above, wewill needpairs of first- and second-derivative operators that
commute. In the following examples we see that certain natural approaches lead to commuting
operators, while others do not.
Example 2.30. The finite difference methods described in Section 2.4 in periodic domains result
in commuting first- and second-derivative operators, since these can be represented by cyclic
matrices. /
Example 2.31. LetD1 be a first-derivative SBP operator and letD1,± , D1 be first-derivative upwind
SBP operators all with the samemass matrixM. Clearly, the first- and second-derivative operators
(D1 ,D21) commute. On the other hand,D1 does not in general commutewith the second-derivative
operatorsD2  D1,−D1,+ orD2  D1,+D1,−. Furthermore, in generalMD2D1 is not skew-symmetric.
For example, in a periodic domain [−1, 3] with two elements using nodal Lobatto-Legendre
bases for polynomials of degree p  1, we have
D1 
©­­«
0 12 0 − 12
− 12 0 12 0
0 − 12 0 12
1
2 0 − 12 0
ª®®¬, D1,− 
©­­«
1
2
1
2 0 −1
− 12 12 0 0
0 −1 12 12
0 0 − 12 12
ª®®¬, D1,+ 
©­­«
− 12 12 0 0
− 12 − 12 1 0
0 0 − 12 12
1 0 − 12 − 12
ª®®¬,
MD1,−D1,+D1 
©­­«
1
4 − 54 − 14 54
1
4 − 14 − 14 14
− 14 54 14 − 54
− 14 14 14 − 14
ª®®¬, MD1,+D1,−D1 
©­­«
1
4 − 14 − 14 14
5
4 − 14 − 54 14
− 14 14 14 − 14
− 54 14 54 − 14
ª®®¬.
(2.38)
Hence, the second-derivative operator obtained via the LDG procedure does not, in general,
commute with the corresponding first-derivative operator. Using instead the first method of Bassi
and Rebay, D2  D
2
1 , the operators commute. /
Example 2.32. Similarly to the discontinuous coupling described in Example 2.31, a continuous
coupling also does not result in commuting first- and second-derivative operators and MD1D2
is not skew-symmetric in general. In a periodic domain [−1, 3] with two elements using nodal
Lobatto-Legendre bases for polynomials of degree p  2,
D1 
©­«
0 1 0 −1
− 12 0 12 0
0 −1 0 1
1
2 0 − 12 0
ª®¬, D2  ©­«
− 72 2 − 12 2
1 −2 1 0
− 12 2 − 72 2
1 0 1 −2
ª®¬,
M 
©­­«
2
3 0 0 0
0 43 0 0
0 0 23 0
0 0 0 43
ª®®¬, MD2D1 
©­«
0 −2 0 2
4
3 0 − 43 0
0 2 0 −2
− 43 0 43 0
ª®¬.
(2.39)
Hence, the second-derivative operator obtained via the continuous coupling procedure does not, in
general, commutewith the correspondingfirst-derivativeoperator. Moreover,MD2D1 is indefinite.
In order to obtain commuting operators, onemay again to use the squared first-derivative operator
as a second-derivative operator, resulting in a wide-stencil operator. /
Lemma 2.33. If D1,± are periodic upwind SBP operators, M(I−D1,−D1,+)−1D1,− is positive semidefinite
and M(I−D1,+D1,−)−1D1,+ is negative semidefinite.
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Proof. It suffices to check whether〈
u , (I−D1,−D1,+)−1D1,−u
〉
M
≥ 0 (2.40)
for all u . Equivalently, one can consider w  (I−D1,−D1,+)−1u and compute〈
u , (I−D1,−D1,+)−1D1,−u
〉
M

〈
w , D1,−(I−D1,−D1,+)w
〉
M
 −
〈
w , (I−D1,−D1,+)D1,+w
〉
M

1
2
〈
w , (D1,− − D1,+)w
〉
M
− 12
〈
w , D21,−D1,+w
〉
M
+
1
2
〈
w , D1,−D
2
1,+w
〉
M

1
2
〈
w , (D1,− − D1,+)w
〉
M
+
1
2
〈
D1,+w , (D1,− − D1,+)D1,+w
〉
M
≥ 0.
(2.41)
The other assertion is verified by exchanging + and −. 
2.8 Choice of appropriate split forms
Since SBP operators mimic integration by parts discretely, proofs of invariant conservation can be
transferred to the discrete level directly if this tool is used. However, systematic integration by
parts is often coupled with the application of the product or chain rule, which do not, in general,
hold discretely [74]. Instead, split forms can be used in a systematic way. A general recipe for
constructing discretely conservative split forms is given in the following.
Check whether conservation of a nonlinear invariant can be proved using only inte-
gration by parts and symmetry properties of differential operators. If so, apply the
same steps discretely using SBP operators. Otherwise, write nonlinear terms as linear
combinations of different split forms obtained by the product/chain rule and repeat
the procedure.
As an example, consider Burgers’ equation
∂tu(t , x) + ∂x u(t , x)
2
2  0 (2.42)
in a periodic domain. Conservation of the L2 norm can be shown by applying the chain rule as in
d
dt
1
2 ‖u(t)‖
2
L2

∫
u∂tu  −12
∫
u∂xu
2
 −13
∫
∂xu
3
 0. (2.43)
In order to achieve discrete conservation, we look for a way to show conservation using only
integration by parts. To this end, consider the general splitting of the nonlinear term:
∂x
u2
2  α∂xu
2
+ (1 − 2α)u∂xu , (2.44)
where α ∈ R is a real parameter. The energy method using only integration by parts yields
d
dt
1
2 ‖u(t)‖
2
L2

∫
u∂tu  −α
∫
u∂xu
2 − (1 − 2α)
∫
u2∂xu  (1 − 3α)
∫
u∂xu
2. (2.45)
Energy conservation can be obtained by taking α  1/3, and this leads naturally to a conservative
numerical method.
The quadratic nonlinearity of Burgers’ equation appears in several of the dispersive wave equa-
tions considered in this article, and conservative methods for them can be designed using the split
form just derived. Such split forms can also be generalized to higher-order polynomial nonlinear-
ities [72, Section 4.5] and there are efficient means to evaluate these for FD, DG, and CG methods
[39, 71]. The same idea can even be applied to get conservative discretizations for non-polynomial
nonlinearities [36], but the resulting schemes cannot be interpreted in terms of split forms.
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3 Relaxation methods in time
In the previous section, we have developed tools for producing conservative spatial discretizations;
in the following sections, these will be applied to obtain conservative semi-discrete methods for
specific wave equations. These methods reduce an initial boundary value PDE to an initial value
ODE system
u′(t)  f (u(t)), u(0)  u0 , (3.1)
satisfying a conservation property
d
dt J(u)  0 (3.2)
for some nonlinear invariant J. Herein we employ one-step integration methods and we enforce
the conservation property discretely in time, so that J(un)  J(un−1)  J(u0). We can achieve this
by combining our conservative spatial discretizations with relaxation methods in time [46, 76, 77,
81].
We start with a Runge-Kutta method
yi  u
n
+ ∆t
s∑
j1
ai j f (tn + c j∆t , y j), i ∈ {1, . . . , s}, (3.3a)
u(tn + ∆t) ≈ un+1  un + ∆t
s∑
i1
bi f (tn + ci∆t , yi), (3.3b)
and define
dn :
s∑
i1
bi fi , (3.4)
where we use the shorthand fi : f (tn + ci∆t , yi). In general the new solution un will not be
conservative, so we replace the update formula (3.3b) with an update in the same direction but of
a (possibly) different length:
u(tn + γn∆t) ≈ un+1γ  un + γn∆tdn . (3.5)
The relaxation parameter γn is chosen as a solution of the conservation equation
J(un+1γ )  J(un). (3.6)
Thus γn is obtained by solving a scalar nonlinear equation, using some root-finding method. By
the general theory on relaxation methods, there is exactly one root γn  1 + O(∆tp−1) of (3.6) [77,
Theorem 2.14]. Other possible roots, such as the trivial solution γ  0, are further away from
unity. For quadratic invariants J, these two roots are the only roots and can be computed explicitly.
Similarly, the root γn closest to unity can also be computed explicitly for cubic invariants such as for
the BBM-BBM system discussed in Section 4.6. However, these explicit formulas can be sensitive
to floating point errors; we have found that the application of standard root finding algorithms
such as those of [3] is efficient and often results in more accurate solutions.
The resulting solution un+1γ conserves the invariant J by construction. In contrast to projection
methods, the relaxation approach also automatically conserves linear invariants (as long as the
semi-discretization conserves them). The solution (3.5) has the same local order of accuracy as
that given by the original Runge-Kutta method (3.3).
The use of relaxation Runge-Kutta methods in this context may be viewed as an application
of the ideas developed in [76]. For some dispersive wave problems, the value of J might change
over time due to boundary conditions or the presence of dissipative terms; in this case relaxation
methods can also be used to improve the accuracy of the time evolution of J [46, 81]. For more
details regarding the properties of relaxation methods, including multistep relaxation methods,
we refer the reader to [77].
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4 Conservative discretizations of specific wave equations
In this section we develop new conservative discretizations for several nonlinear dispersive wave
equations, using the tools from the previous two sections. Most of the discretizations are based on
using appropriate splittings for nonlinear terms and using a basis with a diagonal mass matrix.
For some of the equations studied (namely, the Fornberg-Whitham, Camassa-Holm, Hone-Holm,
and BBM-BBM equations) we also require that the various discrete derivative operators commute.
For other equations (namely, the BBM and Degasperis-Procesi equations) this is not necessary.
Most of the proposed methods (all except for the BBM-BBM system) require that the discrete
derivative operators have a diagonal mass matrix. Alternatively, one can achieve conservation by
discretizing the conservative form of the equation and using exact integration of all variational
forms. The latter approach has been used to construct conservative methods, e.g. in [54, 94, 97,
100]. An advantage of the present approach is that exact integration of the nonlinear terms is not
necessary if the mass matrix is diagonal.
We focus on the development of the discretizations and proofs of their conservation properties,
but we also provide results of simple numerical tests that confirm the theoretical properties of the
schemes. Numerical results for each equation are described in the corresponding section and are
also summarized at the end of this work in Table 1. More extensive numerical experiments, such
as studies of solitary wave interaction, are left to future work.
We test the accuracy using the method of manufactured solutions, which consists of choosing
a smooth solution a priori and then adding a source term f (t , x) to the PDE so that the solution
satisfies it [83]. In order to isolate the spatial discretization errors, we discretize in time using the
fifth-order explicit Runge-Kutta pair of [89] with adaptive time stepping and a local error tolerance
of 1.0 × 10−12, without relaxation. For all of the spatial discretizations proposed, linearized stability
analysis suggests that the maximum stable time step is either proportional to ∆x or independent
of ∆x, so explicit time integration can be efficient.
Conservation tests are performed using solitary wave solutions, obtained either analytically or
via the Petviashvili method [69] using a Fourier collocation method with N  216 nodes. For these
tests we use the classical 4th-order method of Kutta [52], with relaxation. Other space and time
discretizations have been tested as well but are not shown here. We remark in advance that in
all cases, these tests demonstrate conservation of all linear invariants and the selected nonlinear
invariant. Results for specific discretizations are shownonlywhen they reveal something of further
interest.
In the following, all errors of the form ‖u − uana‖, where u is the numerical approximation and
uana the analytical solution, are computed using the discrete norm induced by the mass matrixM.
These discrete L2 errors are used to compute the experimental order of convergence (EOC).
4.1 Benjamin-Bona-Mahony equation
Consider the Benjamin-Bona-Mahony equation [10] (also known as regularized long wave equa-
tion)
(I−∂2x)∂tu(t , x) + ∂x f (u(t , x)) + ∂xu(t , x)  0, t ∈ (0, T), x ∈ (xmin , xmax),
u(0, x)  u0(x), x ∈ [xmin , xmax],
f (u)  u
2
2 ,
(4.1)
with periodic boundary conditions, which can also be written as
∂tu(t , x) + (I−∂2x ,P)−1∂x
(
f (u(t , x)) + u(t , x))  0, (4.2)
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where (I−∂2x ,P)−1 is the inverse of the elliptic operator I−∂2x with periodic boundary conditions.
The functionals
JBBM1 (u) 
∫ xmax
xmin
u , (4.3a)
JBBM2 (u)  12
∫ xmax
xmin
(u2 + (∂xu)2)  12
∫ xmax
xmin
u(I−∂2x)u , (4.3b)
JBBM3 (u) 
∫ xmax
xmin
(u + 1)3 , (4.3c)
are invariants of solutions [67].
4.1.1 Conservative numerical methods
The rate of change of the quadratic invariant (4.3b) is∫ xmax
xmin
u(I−∂2x)∂tu  −
∫ xmax
xmin
u∂x
u2
2 −
∫ xmax
xmin
u∂xu. (4.4)
The first integral on the right-hand side is exactly the one appearing in the energy rate for Burgers’
equation (2.43). Hence, the linear and quadratic invariants are conserved semidiscretely if periodic
SBP operators are employed and the semidiscretization uses the split form
∂tu + (I−D2)−1
(
1
3D1u
2
+
1
3uD1u + D1u
)
 0. (4.5)
Theorem 4.1. If D1 is a periodic first-derivative SBP operator with diagonal mass matrix M and D2 is
a periodic second-derivative SBP operator, then the semidiscretization (4.5) conserves the invariants (4.3a)
and (4.3b) of (4.1).
Proof. The linear invariant (4.3a) is conserved since
d
dt 1
TMu  1TM∂tu  −1TM(I−D2)−1
(
1
3D1u
2
+
1
3uD1u + D1u
)
 −1TM
(
1
3D1u
2
+
1
3uD1u + D1u
)
 0,
(4.6)
where Lemma 2.28 has been used.
Since I−D2 is a symmetric operator, the semidiscrete rate of change of the quadratic invariant
(4.3b) is
1
2
d
dt u
TM(I−D2)u  uTM(I−D2)∂tu  −13u
TMD1u
2 − 13u
TMuD1u − uTMD1u  0. (4.7)

Remark 4.2. Conservative linearly- and nonlinearly-implicit second-order finite difference schemes
for the BBM equation based on the discrete variational derivative method were proposed in [47].
The approach proposed here is potentially more efficient since it requires only the solution of a
linear system with the fixed operator I−D2 (at each RK stage) and the solution of a scalar equation
(at each time step). The scalar equation in question is quadratic and can be solved analytically. /
Remark 4.3. A generalization of the BBM equation can be obtained by replacing f (u)  u2/2 by
f (u)  uq/q for a q ∈ N. Similar splittings can be used to obtain conservation in that case [72,
Section 4.5]. /
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Remark 4.4. Starting from the conservative semidiscretization (4.5), energy-dissipative semidis-
cretizations can be constructed as well. For example, the linear term (I−D2)−1D1u can be replaced
by (I−D1,−D1,+)−1D1,−. Then, the linear invariant JBBM1 is still conserved and the contribution
to the energy rate becomes −uTM(I−D1,−D1,+)−1D1,−u ≤ 0 because of Lemma 2.33. Additional
dissipation can be introduced in DG schemes by applying a dissipative numerical flux such as Go-
dunov’s flux at interfaces for the nonlinear term. Another possibility is to add artificial dissipation
proportional to D1,− − D1,+ to the nonlinear term on left hand side of (4.5). /
4.1.2 Convergence study in space
To study convergence, the method of manufactured solutions [83] is applied to
u(t , x)  et/2 sin(2pi(x − t/2)), (x , t) ∈ [0, 1] × [0, 1], (4.8)
with periodic boundary conditions. Results for the semidiscretization (4.5) are shown in Figure 1.
For central finite difference methods with order of accuracy p, we observe an order of conver-
gence approximately equal to p. The results for wide-stencil and narrow-stencil second-derivative
operators are similar but the narrow-stencil operators result in errors that are smaller by up to an
order of magnitude.
For nodal continuous Galerkin methods using Lobatto-Legendre bases, the results depend on
the choice of the second-derivative operator. Wide-stencil operators D2  D
2
1 with polynomial
degree p yield EOC ≈ p+1 for p odd and EOC ≈ p for p even. In contrast, the usual narrow-stencil
approximation (Theorem 2.23) results in an EOC ≈ p + 1 for p  1 and an EOC ≈ p + 2 for p > 1.
A similar observation can be made for nodal discontinuous Galerkin methods. There, wide-
stencil operators D2  D
2
1 yield EOC ≈ p + 1 for even polynomial degrees p and EOC ≈ p for odd
p. The narrow-stencil LDG operator D2  D1,+D1,− results in an EOC ≈ p + 1 for all p.
4.1.3 Conservation of invariants
To test the conservation properties of the scheme, we use the traveling wave solution
u(t , x)  A cosh(K(x − ct)), A  3(c − 1), K  12
√
1 − 1/c , (4.9)
with speed c  1.2 in the periodic domain [−90, 90]. The classical fourth-order Runge-Kutta
method RK4 [52] is usedwith relaxation (as described in Section 3) to enforce conservation of JBBM2 .
Results for all spatial discretizations show conservation of the linear and quadratic invariants, to
within roundoff error. Interestingly, applying relaxation to conserve the quadratic invariant (4.3b)
improves the evolution of the cubic invariant (4.3c) as well. An example showing this behavior,
with a Fourier pseudospectral method in space, can be seen in Figure 2. Results for other spatial
discretizations are similar.
Moreover, the deviation of the cubic invariant seems to be bounded and approximately constant.
This indicates that the remaining error of the energy-conservative relaxation method is mainly a
phase error and not an amplitude/shape error.
4.2 Fornberg-Whitham equation
Consider the Fornberg-Whitham equation [92]
(I−∂2x)∂tu(t , x) + (I−∂2x)∂x f (u(t , x)) + ∂xu(t , x)  0, t ∈ (0, T), x ∈ (xmin , xmax),
u(0, x)  u0(x), x ∈ [xmin , xmax],
f (u)  u
2
2 ,
(4.10)
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(c) Continuous Galerkin methods, D2  D
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(d) CG methods, narrow-stencil D2.
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(e) Discontinuous Galerkin methods, D2  D
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(f) DG methods, D2  D1,+D1,−.
Figure 1: Convergence results of the spatial semidiscretizations (4.5) for the manufactured solution (4.8) of
the BBM equation. All of these semidiscretizations conserve the linear and quadratic invariants
(4.3) of the BBM equation (4.1).
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Figure 2: Temporal change in the invariants computed using RK4 with and without relaxation to preserve
the quadratic invariant (4.3b) for energy-conservative Fourier collocation semidiscretizations of
the traveling wave solution (4.9) of the BBM equation (4.1).
with periodic boundary conditions, which can also be written as
∂tu(t , x) + ∂x f (u(t , x)) + (I−∂2x ,P)−1∂xu(t , x)  0, (4.11)
where (I−∂2x ,P)−1 is the inverse of the elliptic operator I−∂2x with periodic boundary conditions.
The functionals
JFW1 (u) 
∫ xmax
xmin
u , (4.12a)
JFW2 (u) 
∫ xmax
xmin
(u − ∂2xu), (4.12b)
JFW3 (u) 
∫ xmax
xmin
u2 , (4.12c)
are invariants of solutions.
4.2.1 Conservative numerical methods
The form of the nonlinearity is very similar to the BBM equation. The only difference is the
additional pre-multiplication by the elliptic operator I−∂2x , which results in different invariants.
Hence, basically the same split form
∂tu +
1
3D1u
2
+
1
3uD1u + (I−D2)
−1D1u  0 (4.13)
for q  2 can be used to conserve the invariants (4.12). For general q ∈ N, similar splittings can be
used [72, Section 4.5]. By applying the relaxation approach to enforce conservation of JFW3 in time,
we obtain a fully-discrete scheme that conserves all three invariants (4.12).
Theorem 4.5. If D1 is a periodic first-derivative SBP operator with diagonal mass matrix M and D2 is a
periodic second-derivative SBP operator, then the semidiscretization (4.13) conserves the linear invariants
(4.12a) and (4.12b) of the Fornberg-Whitham equation (4.10) with q  2. If D1 & D2 commute, the
quadratic invariant (4.12c) is also conserved.
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Proof. The first invariant (total mass) is conserved, since
1TM∂tu  −131
TMD1u
2 − 131
TMuD1u − 1TM(I−D2)−1D1u
 −131
TMD1u
2 − 13u
TMD1u − 1TMD1u
 −16u
TMD1u +
1
6u
TDT1 Mu  0,
(4.14)
where we have used that M is diagonal and have applied Lemma 2.28 in the second line.
Lemma 2.27 has been applied in the third line. The conservation of the second invariant can
be obtained similarly by applying Lemma 2.27, resulting in
1TM(I−D2)∂tu  −131
TM(I−D2)D1u2 − 131
TM(I−D2)uD1u − 1TMD1u  0. (4.15)
To prove conservation of the third invariant (total energy), compute
uTM∂tu  −13u
TMD1u
2 − 13u
TMuD1u − uTM(I−D2)−1D1u
 −13u
TMD1u
2 − 13 (u
2)TMD1u  0,
(4.16)
where Lemma 2.29 has been applied in the second line. Here, we need that D1 & D2 commute. 
Remark 4.6. An analog of Remark 4.3 applies. /
To test conservation, we use a smooth traveling wave solution with speed c  1.2 computed
numerically using the Petviashvili method [69] in the periodic domain [−80, 80]. As expected the
scheme conserves all linear and the chosen nonlinear invariant up to roundoff errors.
4.2.2 Convergence study in space
To study convergence, the method of manufactured solutions is applied, again with the prescribed
solution (4.8) with periodic boundary conditions.
Here, central finite difference methods with order of accuracy p yield an EOC between p − 1/2
and p. For other test problems such as traveling wave profiles, the EOC is closer to p. The results
for wide-stencil and narrow-stencil second-derivative operators are similar but the narrow-stencil
operators result in smaller errors (smaller by less than an order of magnitude).
In contrast to results for the BBM equation, the choice of the second-derivative operator does not
influence the EOC for CG methods significantly. Both wide and narrow-stencil operators D2 yield
EOC between p + 1/2 and p + 1 for odd polynomial degrees p and EOC ≈ p for even p. However,
only the wide-stencil operators conserve the quadratic invariant.
A similar observation can bemade for nodal discontinuousGalerkinmethods. There, both types
of operators D2 yield EOC ≈ p + 1 for even polynomial degrees p and EOC ≈ p for odd p. Again,
only the wide-stencil operators conserve the quadratic invariant.
4.3 Camassa-Holm equation
Consider the Camassa-Holm equation [17]
(I−∂2x)∂tu(t , x) + ∂x
(
3
2u(t , x)
2 − 12 (∂xu(t , x))
2 − u(t , x)∂2xu(t , x)
)
 0,
t ∈ (0, T), x ∈ (xmin , xmax),
u(0, x)  u0(x),
x ∈ [xmin , xmax],
(4.17)
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with periodic boundary conditions, which can also be written as
∂tu + (I−∂2x ,P)−1
(
∂xu
2
+ u∂xu − α∂x(u∂2xu) − (1 − α)∂2x(u∂xu) − (2α − 1)(∂xu)(∂2xu)
)
 0, (4.18)
where (I−∂2x ,P)−1 is the inverse of the elliptic operator I−∂2x with periodic boundary conditions
and α ∈ R is a parameter determining the split form. The splitting of the quadratic term 32∂xu2
is the same as for Burgers’ equation (2.45). The one-parameter split form of the third-derivative
terms has been constructed using similar manipulations.
Important invariants of solutions are
JCH1 (u) 
∫ xmax
xmin
u , (4.19a)
JCH2 (u)  12
∫ xmax
xmin
(
u2 + (∂xu)2
)

1
2
∫ xmax
xmin
u(I−∂2x)u , (4.19b)
JCH3 (u) 
∫ xmax
xmin
(
u3 + u(∂xu)2
)
. (4.19c)
4.3.1 Conservative numerical methods
Using the splitting as in (4.18), semidiscretizations that conserve the linear and quadratic invariant
can be obtained as
∂tu + (I−D2,a)−1
(
D1u
2
+ uD1u − αD1(uD2,bu) − (1 − α)D2,b(uD1u) − (2α − 1)(D1u)D2,bu
)
 0. (4.20)
Theorem 4.7. If D1 is a periodic first-derivative SBP operator with diagonal mass matrixM and D2,a ,D2,b
are periodic second-derivative SBP operator, then the semidiscretization (4.20) conserves the quadratic
invariant (4.19b) of (4.17). If D1 and D2,b commute or α  1/2, the linear invariant (4.19a) is conserved as
well.
Proof. The rate of change of the linear invariant (4.19a) is
d
dt J
CH
1 (u)  ddt 1TMu  1TM∂tu  −1TM(I−D2,a)−1
(
(I−D2,a)∂tu
)
 −1TM
(
D1u
2
+ uD1u − αD1(uD2,bu) − (1 − α)D2,b(uD1u) − (2α − 1)(D1u)D2,bu
)
 (2α − 1)uTDT1 MD2,bu ,
(4.21)
where Lemma 2.28 has been used. If D1 and D2,b commute,
d
dt J
CH
1 (u)  (2α − 1)12u
TDT1 D
T
2,bMu − (2α − 1)
1
2u
TMD1D2,bu  0. (4.22)
Since I−D2,a is a symmetric operator, the semidiscrete rate of change of the quadratic invariant
(4.19b) is
d
dt J
CH
2 (u)  12
d
dt u
TM(I−D2,a)u  uTM(I−D2,a)∂tu (4.23)
 −uTM
(
D1u
2
+ uD1u − αD1(uD2,bu) − (1 − α)D2,b(uD1u) − (2α − 1)(D1u)D2,bu
)
 αuTM
(
D1(uD2,bu) + (D1u)D2,bu
)
+ (1 − α)uTM
(
D2,b(uD1u) − (D1u)D2,bu
)
 0. 
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Remark 4.8. A dissipative LDG method based on exact integration instead of split forms and
equivalents of D2,a  D2,b  D1,−D1,+ or D2,a  D2,b  D1,+D1,− has been proposed in [95]. The
split form semidiscretization (4.20) with α  1 and D2,a  D2,b  D
2
1 has been used in [55] for
second order FD methods and in [56] for DG methods. The same split form with D2,a  D2,b
has been used in [43] for Fourier collocation methods. Without applying a splitting, a Fourier
collocation method conserving the cubic invariant (4.19c) has been used in [16]. /
Remark 4.9. Similarly to the FW equation and in contrast to the BBM equation, an additional
restriction on the first- and second-derivative operators arises for the CH equation: They need
to commute to conserve the quadratic invariant (4.19b) unless the splitting parameter is chosen
as α  1/2. The existence of such a splitting and the potential possibility to use different second-
derivative operators provides interesting possibilities. In preliminary numerical studies, using
D2,a  D2,b seems to be a good choice. /
To verify the conservation properties of the semidiscretization (4.20), we used a smooth traveling
wave solution with speed c  1.2 computed numerically using the Petviashvili method in the
periodic domain [−40, 40]. This traveling wave solution has been computed for the PDE
(I−∂2x)∂tu(t , x) + 2κ∂xu(t , x) + ∂x
(
3
2u(t , x)
2 − 12 (∂xu(t , x))
2 − u(t , x)∂2xu(t , x)
)
 0, (4.24)
which can be transformed to a solution of the CH equation (with κ  0) by the transformation
x → x + κt , u → u + κ. (4.25)
4.3.2 Convergence study in space
For the following convergence study, themethod ofmanufactured solutions is applied to (4.8) with
periodic boundary conditions.
Similarly to the BBM equation, central finite difference methods with order of accuracy p yield
an EOC ≈ p. The results for wide-stencil and narrow-stencil second-derivative operators are again
similar and the narrow-stencil operators result in smaller errors (less than an order of magnitude).
For CG methods, the choice of the second-derivative operator does not influence the EOC
significantly, similarly to the FW equation and in contrast to the BBM equation. Both wide and
narrow-stencil operators D2 yield EOC ≈ p + 1 for odd polynomial degrees p and EOC ≈ p for
even p. In contrast to the other examples discussed before, the error depends on the parity of the
number of elements for odd polynomial degrees and the wide stencil second-derivative operator
D2  D
2
1 . In these cases, the error is smaller if an odd number of elements is used. By just adding
one element to go from even N to odd N , the error can be reduced up to an order of magnitude.
The method using p  3 results in approximately the same error as the one for p  4 if N is
odd while its error is up to an order of magnitude bigger for even N . Such a behavior cannot be
observed for the narrow-stencil operator or even polynomial degrees.
Similar observations can be made for nodal discontinuous Galerkin methods. There, both types
of operators D2 yield EOC ≈ p + 1 for even polynomial degrees p and EOC ≈ p for odd p. The
only exception to this rule is the narrow-stencil second-derivative operator D2  D1,+D1,− with
p  1, which doesn’t converge. Since this phenomenon occurs only for this specific parameter
combination and convergence can be obtained, e.g. for α  1, it is not studied in detail here. As for
CG methods, there is a dependence of the error on the parity of the number of elements. For DG
methods, this dependence manifests only for wide-stencil operatorsD2  D
2
1 and even polynomial
degrees (while it occurs for odd polynomial degrees for CGmethods). Again, the error is up to an
order of magnitude smaller for odd N .
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4.4 Degasperis-Procesi equation
Consider the Degasperis-Procesi equation [27]
(I−∂2x)∂tu(t , x) + 4∂x f (u(t , x)) − ∂3x f (u(t , x))  0, t ∈ (0, T), x ∈ (xmin , xmax),
u(0, x)  u0(x), x ∈ [xmin , xmax],
f (u)  u
2
2 ,
(4.26)
with periodic boundary conditions, which can also be written as
∂tu(t , x) + (I−∂2x ,P)−1(4 I−∂2x)∂x f (u(t , x))  0, (4.27)
where (I−∂2x ,P)−1 is the inverse of the elliptic operator I−∂2x with periodic boundary conditions.
The functionals
JDP1 (u) 
∫ xmax
xmin
(u − ∂2xu), (4.28a)
JDP2 (u)  12
∫ xmax
xmin
((u − ∂2xu)v) ) , v  (4 I−∂2x ,P)−1u , (4.28b)
JDP3 (u) 
∫ xmax
xmin
u3 , (4.28c)
are invariants of solutions. We would like to emphasize that (4.17) and (4.26) can be written using
the same linear and nonlinear terms multiplied by different constant coefficients. These result in
different invariants and other split forms available/necessary for conservative methods.
4.4.1 Conservative numerical methods
The rate of change of the quadratic invariant (4.28b) results basically in the same integral terms as
the energy rate of Burgers’ equation (2.43). Hence, the same kind of splitting can be used to obtain
semidiscretizations
∂tu +
1
3 (I−D2)
−1(4 I−D2)
(
D1u
2
+ uD1u
)
 0 (4.29)
that conserve the linear and quadratic invariant.
Theorem 4.10. If D1 is a periodic first-derivative SBP operator with diagonal mass matrix M and D2 is a
periodic second-derivative SBP operator, then the semidiscretization (4.29) conserves the invariants (4.28a)
and (4.28b) of (4.26).
Proof. The linear invariant (4.28a) is conserved since
d
dt J
DP
1 (u)  ddt 1TM(I−D2)u  1TM(I−D2)∂tu  −
1
31
TM(4 I−D2)
(
D1u
2
+ uD1u
)
 −131
TM(4 I−D2)
(
D1u
2
+ uD1u
)
 0, (4.30)
where Lemma 2.28 and Lemma 2.27 have been used.
Since I−D2 and 4 I−D2 are commuting symmetric operators, the semidiscrete rate of change of
the quadratic invariant (4.28b) is
1
2
d
dt u
T(4 I−D2)−TM(I−D2)u  uT(4 I−D2)−TM(I−D2)∂tu
 −13u
T(4 I−D2)−TM(4 I−D2)(D1u2 + uD1u)  −13u
TM(D1u2 + uD1u)  0.
(4.31)

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Remark 4.11. The split form discretization (4.29) is used in [94] for Fourier collocation methods.
Substituting the split form in (4.29) by the conservative form results in a semidiscretization that
conserves both the linear invariant (4.28a) and the cubic invariant (4.28c). This has been used for
Fourier collocation methods in [16]. /
Remark 4.12. Conservation of the quadratic invariant (4.28b) yields the estimate ‖u(t)‖2M ≤
4‖u0‖2M , cf. [94]. Indeed, setting v  (4 I−D2)−1u ,
‖u ‖2M  ‖(4 I−D2)v ‖2M  16‖v ‖2M + 8‖v ‖2A2 + ‖D2v ‖
2
M . (4.32)
Using
JDP2 (u)  vTM(I−D2)u  vTM(I−D2)(4 I−D2)v  4‖v ‖2M + 5‖v ‖2A2 + ‖D2v ‖
2
M . (4.33)
yields the bounds ‖u ‖2M ≤ 4JDP2 (u) and ‖u ‖2M ≥ JDP2 (u). Hence, ‖u(t)‖2M ≤ 4JDP2 (u(t))  4JDP2 (u0) ≤
4‖u0‖2M . /
A smooth traveling wave solution with speed c  1.2 computed numerically using the Petvi-
ashvili method in the periodic domain [−40, 40] was used to verify the conservation properties of
the semidiscretization (4.20). This traveling wave solution has been computed for the PDE
(I−∂2x)∂tu(t , x) + 3κ∂xu(t , x) + 2∂xu(t , x)2 − 12∂
3
xu(t , x)2  0 (4.34)
which can be transformed to a solution of the DP equation (with κ  0) by the transformation
x → x + κt , u → u + κ. (4.35)
4.4.2 Convergence study in space
For the following convergence study, themethod ofmanufactured solutions is applied to (4.8) with
periodic boundary conditions.
Similarly to the FW equation, central finite difference methods with order of accuracy p yield
an EOC between p − 1/2 and p. For other test problems such as traveling wave profiles, the EOC is
closer to p. The results for wide-stencil and narrow-stencil second-derivative operators are similar
but the narrow-stencil operators result again in smaller errors (up to an order of magnitude).
As for the FW and CH equations and in contrast to the BBM equation, the choice of the second-
derivative operator does not influence the EOC significantly for nodal continuous Galerkin meth-
ods. Both wide and narrow-stencil operators D2 yield an EOC between p + 1/2 and p + 1 for odd
polynomial degrees p and EOC ≈ p for even p. For traveling wave solutions and odd polynomial
degrees, the EOC is closer to p + 1.
Similar observations can be made for nodal discontinuous Galerkin methods. There, both types
of operators D2 yield EOC ≈ p + 1 for even polynomial degrees p and EOC ≈ p for odd p.
4.5 Holm-Hone equation
Consider the Holm-Hone equation [42]
(4 − 5∂2x + ∂4x)∂tu + u∂5xu + 2(∂xu)∂4xu − 5u∂3xu − 10(∂xu)∂2xu + 12u∂xu  0,
t ∈ (0, T), x ∈ (xmin , xmax),
u(0, x)  u0(x),
x ∈ [xmin , xmax],
(4.36)
with periodic boundary conditions, which can also be written as
∂tu + (4 I−5∂2x ,P + ∂4x ,P)−1
(
∂x
(
u(4 I−5∂2x + ∂4x)u
)
+ (∂xu)(4 I−5∂2x + ∂4x)u
)
 0, (4.37)
23
where (4 I−5∂2x ,P+∂4x ,P)−1 is the inverse of the elliptic operator 4 I−5∂2x+∂4x with periodic boundary
conditions. The functionals
JHH1 (u) 
∫ xmax
xmin
u , (4.38a)
JHH2 (u) 
∫ xmax
xmin
(4 I−∂2x)(I−∂2x)u 
∫ xmax
xmin
(4 I−5∂2x + ∂4x)u , (4.38b)
JHH3 (u)  12
∫ xmax
xmin
u(4 I−∂2x)(I−∂2x)u  12
∫ xmax
xmin
(
4u2 + 5(∂xu)2 + (∂2xu)2
)
, (4.38c)
are invariants of solutions.
4.5.1 Conservative numerical methods
Using the splitting in (4.37), semidiscretizations
∂tu  −(4 I−5D2,a + D4,a)−1
(
D1
(
u(4 I−5D2,b + D4,b)u
)
+ (D1u)(4 I−5D2,b + D4,b)u
)
(4.39)
that conserve the linear and quadratic invariant can be obtained.
Theorem 4.13. If D1 is a periodic first-derivative SBP operator with diagonal mass matrix M, D2,a & D2,b
are periodic second-derivative SBP operators, and D4,a & D4,b are periodic fourth-derivative SBP operators,
then the semidiscretization (4.39) conserves the quadratic invariant (4.38c). If D1 commutes with D2,b &
D4,b , the linear invariants (4.38a) and (4.38b) are also conserved.
Proof. Because of Lemma 2.27, (4.38a) is conserved if and only if (4.38b) is conserved. For (4.38b),
consider
d
dt J
HH
1 (u)  ddt 1TM(4 I−5D2,a + D4,a)u  1TM(4 I−5D2,a + D4,a)∂tu (4.40)
 −1TM
(
D1(uD4,bu) + (D1u)(D4,bu) − 5D1(uD2,bu) − 5(D1u)(D2,bu) + 4D1u2 + 4uD1u
)
 −1TM
(
(D1u)(D4,bu) − 5(D1u)(D2,bu)
)
,
where Lemma 2.28 and Lemma 2.27 have been used. If D1 commutes with D2,b and D4,b ,
d
dt J
HH
1 (u)  −uTDT1 MD4u + 5uTDT1 MD2u  0. (4.41)
Since 4 I−5D2,a + D4,a is a symmetric operator, the semidiscrete rate of change of the quadratic
invariant (4.28b) is
d
dt J
HH
2 (u)  12
d
dt u
TM(4 I−5D2,a + D4,a)u  uTM(4 I−5D2,a + D4,a)∂tu
 −uTM
(
D1
(
u(4 I−5D2,b + D4,b)u
)
+ (D1u)(4 I−5D2,b + D4,b)u
)
 0.
(4.42)

A smooth traveling wave solution with speed c  1.2 computed numerically using the Petvi-
ashvili method in the periodic domain [−40, 40] was used to verify the conservation properties of
the semidiscretization (4.39). This traveling wave solution has been computed for the PDE
(4 − 5∂2x + ∂4x)∂tu + 8κ∂xu + u∂5xu + 2(∂xu)∂4xu − 5u∂3xu − 10(∂xu)∂2xu + 12u∂xu  0 (4.43)
which can be transformed to a solution of the HH equation (with κ  0) by the transformation
x → x + κt , u → u + κ. (4.44)
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4.5.2 Convergence study in space
For the following convergence study, the method of manufactured solutions is applied to (4.8)
with periodic boundary conditions and the semidiscretization (4.39) with D2,a  D2,b  D2 and
D4,a  D4,b  D
2
2 .
Similarly to the BBM and CH equations, central finite difference methods with order of accuracy
p result in an EOC ≈ p. Wide-stencil operatorsD2  D21 for p ∈ {6, 8} show a strong dependence of
the final error on the parity of the number of nodes. Again, the error is up to an order ofmagnitude
smaller for odd N . For p ∈ {2, 4} or narrow-stencil operators D2, such a dependence is not visible
for this test case.
As for the BBM equation and in contrast to the FW, CH, and DP equations, nodal continuous
Galerkin methods using Lobatto-Legendre bases with wide stencil operator D2  D
2
1 yield EOC ≈
p + 1 for odd polynomial degrees p and EOC ≈ p for even p. The error is approximately an order
of magnitude smaller for p  2 than for p  1 for the same number of elements N . In contrast,
p  3 can result in a similar error as p  4 for odd numbers of elements N while the error is up to
an order of magnitude bigger for even N .
4.6 BBM-BBM system
Consider the system [5, 6, 12, 15]
∂tη(t , x) + ∂xu(t , x) + ∂x
(
η(t , x)u(t , x)) − ∂t∂2xη(t , x)  0, t ∈ (0, T), x ∈ (xmin , xmax),
∂tu(t , x) + ∂xη(t , x) + ∂x u(t , x)
2
2 − ∂t∂
2
xu(t , x)  0, t ∈ (0, T), x ∈ (xmin , xmax),
η(0, x)  η0(x), x ∈ [xmin , xmax],
u(0, x)  u0(x), x ∈ [xmin , xmax],
(4.45)
with periodic boundary conditions, which can also be written as
∂tη(t , x) + (I−∂2x ,P)−1∂x
(
u(t , x) + η(t , x)u(t , x))  0,
∂tu(t , x) + (I−∂2x ,P)−1∂x
(
η(t , x) + u(t , x)
2
2
)
 0,
(4.46)
where (I−∂2x ,P)−1 is the inverse of the elliptic operator I−∂2x with periodic boundary conditions.
The functionals
JBBM-BBM1 (η, u) 
∫ xmax
xmin
η, (4.47a)
JBBM-BBM2 (η, u) 
∫ xmax
xmin
u , (4.47b)
JBBM-BBM3 (η, u) 
∫ xmax
xmin
(η2 + (1 + η)u2), (4.47c)
are invariants of solutions of (4.45).
Interestingly, only integration by parts but no chain or product rule is necessary to prove
conservation of the energy (4.47c). Hence, all three invariants are conserved semidiscretely if
periodic SBP operators are employed and the semidiscretization uses the conservative form
∂tη + (I−D2)−1D1(u + ηu)  0,
∂tu + (I−D2)−1D1
(
η +
1
2u
2
)
 0.
(4.48)
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Theorem 4.14. If D1 is a periodic first-derivative SBP operator and D2 is a periodic second-derivative SBP
operator, then the semidiscretization (4.48) conserves the linear invariants (4.47a) and (4.47b) of (4.45). If
D1 & D2 commute, then the quadratic invariant (4.47c) is also conserved.
Proof. Conservation of the linear invariants JBBM-BBM1 , J
BBM-BBM
2 follows immediately from Lem-
mas 2.27 and 2.28. Given a matrix A, set 〈x , y〉A  xTAy . Conservation of JBBM-BBM3 follows from
Lemmas 2.27 and 2.29, since (letting L  M(I−D2)−1D1)
d
dt J
BBM-BBM
3 (η, u)  ddt
(
〈η, η〉M + 〈u2 ,1 + η〉M
)
 〈∂tη, 2η + u2〉M + 〈∂tu , 2(1 + η)u〉M
 −〈u + ηu , 2η + u2〉L − 2〈η + 12u
2 , (1 + η)u〉L
 −2〈u , η〉L − 2〈ηu , η〉L − 〈u , u2〉L − 〈ηu , u2〉L − 2〈η, u〉L − 〈u2 , u〉L
− 2〈η, ηu〉L − 〈u2 , ηu〉L  0,
because L is skew-symmetric by Lemma 2.29. 
Reflecting boundary conditions
Another interesting set of boundary conditions is given by reflecting boundary conditions, i.e.
∂tη(t , x) + ∂xu(t , x) + ∂x
(
η(t , x)u(t , x)) − ∂t∂2xη(t , x)  0, t ∈ (0, T), x ∈ (xmin , xmax),
∂tu(t , x) + ∂xη(t , x) + ∂x u(t , x)
2
2 − ∂t∂
2
xu(t , x)  0, t ∈ (0, T), x ∈ (xmin , xmax),
∂xη(t , x)  0, t ∈ (0, T), x ∈ {xmin , xmax},
u(t , x)  0, t ∈ (0, T), x ∈ {xmin , xmax},
η(0, x)  η0(x), x ∈ [xmin , xmax],
u(0, x)  u0(x), x ∈ [xmin , xmax].
(4.49)
For this system, the total mass of η (4.47a) and the total energy (4.47c) are still conserved, but the
total mass of u (4.47b) is not necessarily conserved.
To create a conservative semidiscretization, the following operators will be used. The projection
operator PD  diag(0, 1, . . . , 1, 0)maps onto the space of grid functions with homogeneous Dirich-
let boundary conditions. For an SBP first-derivative operator D1, denote the second derivative
operator induced by I−D21
• with strong imposition of homogeneous Dirichlet boundary conditions as I−D2,D . The
corresponding solution operator satisfies
v  (I−D2,D)−1w ⇐⇒ PD(I−D2,D)v  PDw ∧ (I−PD)v  0. (4.50)
• with weak-strong imposition of homogeneous Neumann boundary conditions as I−D2,N .
The corresponding solution operator satisfies
v  (I−D2,N)−1w ⇐⇒ (I+M−1DT1 MPDD1)v  w . (4.51)
Thisdiscretizationusesneither a strong impositionof boundary conditions (setting eTL/RD1(I−D2,N)−1 
0T and solving the PDE in the interior) nor the usual weak imposition (where (4.51) is used
without the additional projection PD).
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These operators correspond to I−D21 in the interior and aremodified near the boundaries to impose
the boundary conditions. Using these operators results in the semidiscretization
∂tη + (I−D2,N)−1D1(u + ηu)  0,
∂tu + (I−D2,D)−1D1
(
η +
1
2u
2
)
 0.
(4.52)
Theorem 4.15. If D1 is a first-derivative SBP operator and the initial condition for u satisfies the homo-
geneous Dirichlet boundary condition, then the semidiscretization (4.52) conserves the two invariants of
(4.49), i.e. the total mass of η (4.47a) and the total energy (4.47c).
Proof. The semidiscretization (4.52) can be written as
(I−D2,N)∂tη + D1(u + ηu)  0,
(I−D2,D)∂tu + D1
(
η +
1
2u
2
)
 0.
(4.53)
Since eTL/R∂tu  0, the homogeneous Dirichlet boundary condition for u is satisfied for all times if
it is satisfied initially.
The totalmass of η is conserved, since the strong imposition of homogeneousDirichlet boundary
conditions for u yields
1TM∂tη  −1TMD1(u + ηu) + 1TMD2,N∂tη
 −1TMD1(u + ηu) − 1TDT1 MPDD1∂tη
 −1T(eReTR − e LeTL )(u + ηu)  0.
(4.54)
To compute the semidiscrete rate of change of the energy, observe that
(−D1∂tu)TM∂tη + (−D1∂tη)TM∂tu  0. (4.55)
Hence,
d
dt J
BBM-BBM
3 (η, u)  (2η + u2)TM∂tη + 2(u + ηu)TM∂tu
 (2η + u2 − 2D1∂tu)TM∂tη + 2(u + ηu − 2D1∂tη)TM∂tu
 (2η + u2 − 2D1∂tu)TM∂tη + 2(u + ηu − 2D1∂tη)TPTDM∂tu ,
(4.56)
because of the strong imposition of the homogeneousDirichlet boundary conditions for ∂tu . Insert-
ing the semidiscretization (4.53) and using again the homogeneous Dirichlet boundary conditions
for u results in
d
dt J
BBM-BBM
3 (η, u)  −(2η + u2 − 2D1∂tu)TM(D1(u + ηu) − D2,N∂tη)
− (u + ηu − 2D1∂tη)TPTDM(D1(2η + u2) − D2,D∂tu)
 +(2η + u2 − 2D1∂tu)TDT1 MPD((u + ηu) + D1∂tη)
− (u + ηu − 2D1∂tη)TPTDMD1((2η + u2) − D1∂tu)  0. 
(4.57)
Remark 4.16. A smooth traveling wave solution with speed c  1.2 computed numerically using
the Petviashvili method in the periodic domain [−90, 90] was used to verify the conservation
properties of the semidiscretizations (4.48) and (4.52). As expected, relaxation methods in time
conserve all linear and the chosen nonlinear invariant up to roundoff errors; cf. Section 4.6.3. /
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4.6.1 Convergence study in space
For the following convergence study, the method of manufactured solutions is applied to
η(t , x)  et cos(2pi(x − 2t)), u(t , x)  et/2 sin(2pi(x − t/2)), (4.58)
with periodic boundary conditions in the domain [0, 1] for t ∈ [0, 1].
Similarly to the single BBM equation, central finite difference methods with order of accuracy
p yield an EOC ≈ p. Again, the results for wide-stencil and narrow-stencil second-derivative
operators are similar but the narrow-stencil operators result again in smaller errors (up to an order
of magnitude).
The results for nodal continuous Galerkin methods using Lobatto-Legendre bases are very
similar to the ones for the single BBM equation. Wide-stencil operators D2  D
2
1 yield EOC ≈ p+1
for odd polynomial degrees p and EOC ≈ p for even p. In contrast, the usual narrow-stencil
approximation results in an EOC ≈ p + 1 for p  1 and an EOC ≈ p + 2 for p > 1. However,
in contrast to the single BBM equation, only the wide-stencil operators yield energy-conservative
methods.
A similar observation can be made for nodal discontinuous Galerkin methods. There, wide-
stencil operators D2  D
2
1 yield EOC ≈ p + 1 for even polynomial degrees p and EOC ≈ p for odd
p. The narrow-stencil LDG operator D2  D1,+D1,− results in an EOC ≈ p + 1 for all p. Again, only
the narrow-stencil operators result in energy-conservative methods.
Reflecting boundary conditions
A similar procedure is used for reflecting boundary conditions. The method of manufactured
solutions is applied to
η(t , x)  e2t cos(pix), u(t , x)  etx sin(pix), (4.59)
in the domain [0, 1] for t ∈ [0, 1]. Results of a convergence study for the semidiscretization (4.53)
are shown in Figure 3.
The FD methods can be expected to converge with an EOC ≈ p/2 + 1 because of the order of
accuracy p/2 near the boundary. However, there is a clear influence of the parity of the number
of nodes N for some operators: For p  6, odd N yield more than an order of magnitude smaller
errors and a slightly bigger EOC. For p  8, the behavior for even and odd N is the other way
round. For p  4, there is no significant influence. In particular, it is noteworthy that using one
node less or more can result in an increase or decrease of the order of magnitude of the error.
For continuous Galerkin methods with wide-stencil operator D2  D
2
1 , EOC ≈ p + 1 for odd p
and EOC ≈ p for even p as for periodic BCs. There is a significant influence of the parity of the
number of elements N for the odd polynomial degrees p ∈ {3, 5}. An even number of elements
can reduce the error by an order of magnitude.
Finally, discontinuous Galerkin methods reproduce the EOC ≈ p + 1 for even p and EOC ≈ p
for odd p as for periodic BCs and wide-stencil second-derivative operators. The influence of the
parity of the number of elements is much less pronounced than for CG methods.
4.6.2 Convergence study for long-time simulations of traveling waves
For long time simulations, structure-preserving methods such as the conservative semidiscretiza-
tions (4.48) with wide-stencil operators D2  D
2
1 coupled with relaxation methods in time can
yield both qualitative and quantitative improvements over standard methods. To demonstrate
this, we consider the traveling wave solutions described in Remark 4.16 with a final time t  7500,
corresponding to 50 periods.
In the following, CG methods with p  4 and DG methods with p  3 are used. The sixth-
order accurate Runge-Kutta method of [90] is used with a time step ∆t ∝ ∆x for a space-time
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Figure 3: Convergence results of the spatial semidiscretizations (4.53) for the manufactured solution (4.59)
of the BBM-BBM equation (4.49) with reflecting boundary conditions.
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convergence study. The standard schemes use the narrow-stencil second-derivative operators and
the baseline time integration method. For the conservative schemes, the wide-stencil second-
derivative operators D2  D
2
1 are combined with relaxation in time.
As can be seen in Figure 4, the EOC of the standard methods is higher but the absolute error
of the conservative methods is still lower for the applied range of parameters. Increasing the
resolution even further, it can be expected that the error will be smaller for the standard methods.
On the other hand, the conservative methods will probably still result in a smaller error for even
longer simulation times. Moreover, they are more efficient at reasonably small error tolerances.
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Figure 4: Convergence results of the spatial semidiscretizations (4.48) for a long time simulation of a traveling
wave solution of the BBM-BBM equation (4.45).
4.6.3 Conservation of invariants for reflecting boundary conditions
To test themethod for reflecting boundary conditions, the travelingwave initial conditiondescribed
in Remark 4.16 is used. For SBP finite difference methods with interior order of accuracy p  6,
results are visualized in Figure 5. The classical operators of [61] result in undesired oscillations
of small amplitude at the final time t  3050 which vanish under grid refinement. These are
generated by the interaction of the wave with the boundary and can also be reduced significantly
by applying operators with improved accuracy near the boundary, e.g. the ones of [59] or [60].
Again, applying relaxation to conserve the energy improves the accuracy of the fully-discrete
methods. Choosing ∆t  0.1 for the accurate operators of [60], the solutions with and without
relaxation are visually indistinguishable and further refinement causes no visible change. Increas-
ing the time step by a factor of ten, the solution of the baseline method is clearly distorted with
changes of the amplitude and phase while the relaxation solution is barely affected.
5 Summary and conclusions
We have further developed general tools to construct conservative methods and applied them to
a broad range of dispersive wave equation models. These fully-discrete schemes combine sum-
mation by parts operators in space with relaxation methods in time to conserve all linear and one
nonlinear invariant for each model. Because of the generality of the SBP framework, the conser-
vation properties of four different classes of schemes, namely Fourier collocation, finite difference,
continuous Galerkin, and discontinuous Galerkin methods, can be analyzed simultaneously for
six different dispersive wave models studied in this article. Instead of requiring 4 · 6  24 ad hoc
approaches, we have established general results first, allowing a unified analysis and relatively
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Figure 5: Numerical solutions of the BBM-BBM system with reflecting boundary conditions (4.49) obtained
by finite difference methods and RK4 with and without relaxation to preserve the energy (4.47c).
simple proofs of conservation for all methods. The proposed schemes do not require exact inte-
gration (as long as themass matrix is diagonal) and use time discretizations that are explicit except
for the solution of a scalar equation at each step.
While the application of the relaxation approach is straightforward given the established results,
the construction of conservative spatial semidiscretizations requires some tuning for each model.
Nevertheless, the only required techniques are the application of split forms and the special
choice of higher-derivative operators. In bounded domains, the carefully developed imposition of
boundary conditions is also crucial.
Having developed a broad framework of conservative numerical methods for dispersive wave
equations, the present work will be extended in the future. While the analysis of conservation
properties for different classes of methods can be conducted in the unifying SBP framework, the
detailed study of error estimates still seems to require specializations on the schemes and does
not fit into this manuscript. Estimates of the order of convergence resulting from numerical
experiments are summarized in Table 1.
As alluded to in the introduction, conservative fully-discrete numerical methods can have im-
proved properties concerning the error growth in time. This is related to the results shown in
Section 4.6.2, where standard numerical methods can have a higher order of convergence but re-
sult still in bigger errors than conservative numerical methods. We will focus on these aspects in
the future.
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Table 1: Summary of the experimental order of convergence (EOC) and conservation properties (Cons.) for
various semidiscretizations of the dispersive wave equations considered in this manuscript. The
methods conserve either the linear invariant(s) only (lin.), a chosen nonlinear invariant only (nonl.),
or both. For FD methods, p is the interior order of accuracy. For CG and DG methods, p is the
polynomial degree. If no EOC is given, the results of numerical experiments were not clear enough.
Method BBM (4.5) FW (4.13) CH (4.20), α  1/2
Class D2 stencil p Cons. EOC Cons. EOC Cons. EOC
FD both ≈ p both ∈ [p − 1/2, p] both ≈ p
CG wide odd p both ≈ p + 1 both ∈ [p + 1/2, p + 1] both ≈ p + 1
even p ≈ p ≈ p + 1 ≈ p
narrow odd p both ≈ p + 2a lin. ∈ [p + 1/2, p + 1] both ≈ p + 1
even p ≈ p + 2 ≈ p + 1 ≈ p
DG wide odd p both ≈ p both ≈ p both ≈ p
even p ≈ p + 1 ≈ p + 1 ≈ p + 1
narrow odd p both ≈ p + 1 lin. ≈ p both ≈ pb
even p ≈ p + 1 ≈ p + 1 ≈ p + 1
Method DP (4.29) HH (4.39) BBM-BBM (4.48)
Class D2 stencil p Cons. EOC Cons. EOC Cons. EOC
FD both ∈ [p − 1/2, p] both ≈ p both ≈ p
CG wide odd p both ∈ [p + 1/2, p + 1] both ≈ p + 1 both ≈ p + 1
even p ≈ p ≈ p ≈ p
narrow odd p both ∈ [p + 1/2, p + 1] nonl. lin. ≈ p + 2a
even p ≈ p ≈ p + 2
DG wide odd p both ≈ p both both ≈ p
even p ≈ p + 1 ≈ p + 1
narrow odd p both ≈ p nonl. lin. ≈ p + 1
even p ≈ p + 1 ≈ p + 1
ap + 1  2 for p  1.
bFor p  1 and α  1/2, this DG method does not converge for the manufactured solution. However, it
converges for other p, other α such as α  1, and a traveling wave solution.
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